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Abstrat
The dynamis of one and two pointlike vorties in a planar quantum gas of spin-0 partiles
onned in an annular region is onsidered. New analytial and numerial solutions are found. The
onept of stationarity radius, related to the doubly onneted nature of the annulus, is dened.
It is seen that the existene of these radii has great impat on the behaviour of the vorties. It
is shown that, beause of the existene of the stationarity radii, vorties exhibit similar behaviour
regardless of the sign of their winding number. The energetially stable vortex solutions are studied
qualitatively.
∗
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I. INTRODUCTION
Several systems in low temperature physis exhibit dierent kinds of vortex solutions.
Beause these solutions have many interesting properties, vorties have been extensively
studied both theoretially and experimentally [1, 2, 3, 4, 5, 6, 7℄. In the urrent paper the
starting point is a quantum system of spin-0 partiles in the plane. This quantum system
ould in reality be, for example, a at ordinary BEC or superuid
4
He-lm. These systems
an be desribed by an order parameter eld taking omplex values. The system under
study has a global U(1)-symmetry and thus the rst homotopy group, lassifying pointlike
topologial defets is isomorphi to the additive group of integers. The vorties are pointlike
objets haraterized by a single integer, alled the winding number or topologial harge.
The pointlike nature of the vorties desribed above an be desribed as point partiles in
a well known way (for example [8, 9℄). We will use this partile-desription. As a onsequene
the eets of the vortex ore are left out of the disussion. This is an approximation that
an be justied when the vortex size of the vortex ore is small ompared to the dimensions
of the whole physial system and the distanes between vorties. This is in many atual
ases true, and thus desribing planar vorties as point partiles presents a rather good
approximation of real planar vorties.
Our main interest is in a homogeneous system onned in an annular region (ring). We
will inorporate the appropriate boundary onditions by using a simple Green's funtion
method arising from the hydrodynamial desription of the gas (eg. [11, 12℄). The hoie
of an annular region as the objet of study is motivated by two reasons. First, the annulus
is the most simple doubly onneted domain in R
2
and the Green's funtion needed in our
analysis is quite easily expressed analytially [14℄. This enables simple numeris and also
some analyti observations of vortex behaviour inside the annulus. Also, using the theory of
onformal mappings, the annulus an be mapped to other doubly onneted regions in R
2
.
The seond reason, more pratial in nature, is that a ring shaped BEC an be produed
by reating the ondensate in a trap haraterised by the so alled mexian hat -potential.
This means that experimental studies of vortex behaviour in an annular BEC are possible.
The dynamis of point vorties in an annulus has previously been studied in [13℄. We
obtain the same results along with new results. We will show that there always exists
stationary (though not energetially stable) one- and two-vortex solutions in the annulus.
2
These solutions are haraterized by spei values of r (the distane from the origin in polar
oordinates) whih we will all the stationarity radii. These radii divide the annulus into
two subsets in the radial diretion in suh a way that position of the vorties with respet
to the stationarity radii greatly aets the harateristis of a partiular vortex solution.
This fat has, at least to our knowledge, been unnoted before and is responsible for the new
solutions that are not mentioned in [13℄. The stationarity radii an, in general, be seen as
relatives of the equilibrium points (or ritial points) of the Green's funtion in the annulus,
studied in eg. [16, 17℄. They are however not the same thing, beause the alulation of the
stationarity radii takes into aount the self-energies of the vorties. These self-energies are
assoiated with the harmoni part of the two-dimensional Green's funtion.
Demonstrating the importane of the stationarity radii, we nd analyti solutions desrib-
ing orotating (the angular veloities of vorties have the same sign) and ounterrotating
(the angular veloities of vorties have opposite signs) motion for both vortex-vortex and
vortex-antivortex ases. These solutions ould not exist without the existene of the station-
arity radii. With numerial simulations we further demonstrate how the stationarity radii
along with the initial positions of the vorties play an essential role in the harateristis of
the solutions of vortex motion.
II. VORTICES AS ELEMENTARY PARTICLES IN A PLANAR QUANTUM SYS-
TEM
A. Desription of planar vorties as point partiles
We will briey review a simple way by whih the point-partile theory of planar vorties
(e.g. [8, 9, 10℄) an be derived by separating the vorties from the non-vortiial uid part.
The starting point is the semilassial Lagrangian for a two-dimensional superuid onsisting
of bosoni, spinless partiles
L[φ, φ∗] =
∫
d
2
x
( i
2
(φ∗∂0φ− ∂0φ
∗φ)−
1
2
|∇φ|2
− U(x)φ∗φ− V (φ∗φ)
)
. (1)
The funtion U represents external potentials and V desribes partile-partile interations.
Instead of the elds φ and φ∗, the gas an also be desribed by hydrodynamial variables ρ
3
and v whih are the partile density of the uid and the veloity eld of the partiles.
We will next hoose the following parametrization, a two-dimensional analogue of the
usual Helmholtz-deomposition of three-dimensional vetor elds, for the veloity eld v:
vi = ∂iϕ+ εij∂jA. (2)
Funtion ϕ orresponds to the regular part of the phase of φ while the funtionA is assoiated
with the irregular (singular) part of the phase. The familiar quantization ondition for
N pointlike vorties with winding numbers {q1, . . . qN} in the system leads to a simple
expression
A(x) = −
N∑
a=1
qaG(x,xa), (3)
where the two-dimensional Green's funtion G has the form
G(x,xa) =
1
2pi
log |x− xa|+ G˜(x,xa). (4)
The harmoni funtion G˜ is determined by the requirement that there is no ow in or out
of the system. This implies the Dirihlet type boundary ondition G = onst. along the
boundary or boundaries of the system.
After inserting ϕ and A into the hydrodynamial Lagrangian and forming the equations
of motion from the usual ation priniple, we obtain the following Lagrangian desribing the
point vortex system
Lv = Lvortex + Lint + Lpot, (5)
where the vortex system Lvortex, interation Lint and irrotational Lpot parts are
Lvortex =
1
2
∑
a
qaρ(xa)εijx˙aix
a
j
−
1
2
∑
a
(qa)2ρ(xa)G˜(xa)
−
1
2
∑
a6=b
qaqbρ(xa)G(xa,xb), (6)
Lint =
∑
a
∫
d
2
x qaJpoti ε
ij∂jG(x,x
a) (7)
Lpot = L[ρ, ϕ], (8)
where G˜(xa) ≡ G˜(xa,xa) and Jpot is the part of the urrent density assoiated with irrota-
tional ows. The relation of the Green's funtion to the vortex dynamis obtained here is
similar to the results of [11℄.
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The vorties interat with eah other through a potential funtion given by the appro-
priate Green's funtion G. In (8) we have obtained the self-energy of a single vortex, whih
is the energy assoiated with the ows reated in the system by the presene of the vortex,
by means of a simple renormalization proedure. The renormalization is performed by re-
moving the singular logarithmi part of the Green's funtion from Lvortex when the indies
a and b oinide. In this oreless treatment the usual ultraviolet divergene present when
alulating the vortex energy by diret integration is taken are of by this renormalization
proedure. We see that the kineti energy (or self energy) of a vortex is proportional to
G˜(x) evaluated at the position of the vortex. This is a diret onequene of the dening
properties of the Green's funtion.
The equations of motion for the vorties are simply
ρ(xa)x˙a = J(xa), a = 1, . . .N. (9)
The study of vortex motion thus redues to the hydrodynamial problem of studying the
ows in the system. When non-vortiial ows are absent, the problem is to nd the suitable
Green's funtion under the Dirihlet boundary onditions dened above and then solve a
group of nonlinear dierential equations dened by (9) above.
III. VORTEX DYNAMICS IN THE ANNULUS
A. Vortex Hamiltonians in the annulus
From this point on in the urrent paper, we will assume that the partile density ρ
takes a onstant value ρ0 everywhere. It should be noted that this xing of ρ along with
the requirement of energy onservation means that there is no energy transfer between the
vortex system and the rest of the uid. This also means that vortex-antivortex annihilation
and other proesses that aet the vortex onguration are not possible in our model. The
vorties initially plaed in the system will exist forever.
The form for the Green's funtion in the annulus an be found eg. in [14℄. It an be
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expressed as
G(r1, θ1, r2, θ2) =−
1
2pi
log r1 log r2
log η
+
1
2pi
log
∣∣∣∣ϑ1(i log(r1/r2)/2− (θ1 − θ2)/2, η)ϑ4(i log(r1r2)/2 + (θ1 − θ2)/2, η)
∣∣∣∣ , (10)
where the ϑi are the Jaobi theta futions. Here we have hosen the inner and outer radius
of the annulus to be R1 = η
1/2
and R2 = η
−1/2
, respetively, so that the ratio of the inner
radius to the outer radius is given by the parameter 0 < η < 1 appearing in the theta
funtions. There is no fear of onfusion sine the Ris an be removed and reinserted easily
using their relation to η and dimensional analysis. An important quantity is the geometri
mean of the inner and outer irle bounding the annulus. It has the value
√
R1R2 = 1, (11)
when expressed in terms of η dened above.
Sine we are interested in the dynamis of one- and two-vortex systems, we write the
two-vortex Hamiltonian H2 in a form that is easily derived from the above Green's funtion
H2 =
q1q2ρ0
2pi
[
− log |r1 − r2| −
log(r1η
1/2) log(r2η
1/2)
log η
+
log η
2
+ 2
∞∑
n=1
ηn cos(n(θ1 − θ2))
n(1− η2n)
(
(r1r2)
n +
1
(r1r2)n
− ηn
(
rn2
rn1
+
rn1
rn2
))]
+
∑
a=1,2
H1a ,
(12)
where the H1a are the radially symmetri renormalized single-vortex Hamiltonians given by
H1a =
q2aρ0
4pi
[
−
log2(rη1/2)
log η
+
log η
2
+ 2
∞∑
n=1
ηn
n(1− η2n)
(
r2n +
1
r2n
)
− 4
∞∑
n=1
η2n
n(1− η2n)
]
.
(13)
We will use the above Hamiltonians in this and the next setion to study one- and two-vortex
systems in the annulus.
B. Single vortex in an annulus
The behaviour of a single vortex is obtained simply by studying the single-vortex Hamil-
tonian (13). The result is a vortex moving with the renormalized ows it has reated in the
6
Figure 1: Figure (a) shows R1, R2 and between them the stationarity radius RS as a funtion of
q = R1/R2, all approahing the dashed line r = 1 as q → 1. Figure (b) shows a typial graph of
the single-vortex energy as a funtion of the distane from the enter of the annulus.
annulus
v
self =
q
2pi
[ log(rη1/2)
r log η
−
1
r
∞∑
n=1
1
1− η2n
((rη1/2)4n − η2n
(rη1/2)2n
)]
eˆθ. (14)
This implies the well known fat that a single vortex in an annulus will move along a irle
at a onstant distane from the origin [13℄. We see that there is always a single value of r
suh that the vortex will remain at rest on the irle dened by that value. We will all this
value of r the (single-vortex) stationarity radius and denote it with R
S
. It is easily seen that
R
S
> 1 for all values of η. The approximate value of R
S
an easily be solved numerially
(1 (b)) for dierent η. From the form of the single-vortex Hamiltonian (13) we see that the
irle r = R
S
orresponds to a degenerate minimum value of the vortex energy (1 (b)).
A single vortex annot exist in the annulus if there is no angular momentum Lz in
the system. We must thus also take into aount the energy assoiated with this angular
momentum. It an easily be shown that the vortex onguration that minimizes the energy
of the uid, is the one that minimizes the free energy dened by
F = E − ωLz, (15)
where ω is the angular veloity, with whih the annulus is being rotated [19℄. Sine we are
dealing with the system in a lassial manner, the moment of inertia has the (lassial) rigid
value
I =
∂Lz
∂ω
= N 〈r2〉 =
piρ0
2
1− η4
η2
, (16)
where N is the total number of partiles in the gas [18℄. The angular momentum of a vortex
at distane r from the origin is easily alulated to be
Lz =
qρ0
2
1 + η2 − r2η2
η
+
qρ0
4
1− η2
η log η
. (17)
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We will not get into the details of the equation for the minimum of the free energy. It sues
to note that, sine ωLz is a dereasing funtion of r, the minimum of free energy is loated
between R
S
and the outer radius of the annulus.
IV. VORTEX PAIRS IN THE ANNULUS
We next proeed to study the dynamis of two-vortex systems in the annulus analytially
and numerially. In subsetions A and B we study analytially vortex-vortex and vortex-
antivortex pairs respetively. In subsetion C we study the motion of vortex pairs in the
annulus numerially and demonstrate the results of subsetions A and B.
A. A vortex-vortex pair in an annulus
It is easy to see that when the ondition θ1 − θ2 = pi is met, the motion of the vortex-
vortex pair has simple analyti solutions for whih θ˙1 − θ˙2 = 0. These type of solutions are
obtained hoosing the initial positions for the vorties as θ1(0)−θ2(0) = pi and r1(0) = r2(0).
This orresponds to a vortex-vortex pair moving on the same irle with onstant angular
veloity. The angular veloity of the orotating pair is
θ˙orotq1=q2 =
q1
pi
[
1
r2
log(r)
log(η)
+
1
r2
∞∑
n=1
η2n
1− η4n
(
r4n −
1
r4n
)
+
1
4
1
r2
]
. (18)
Setting θ˙orotq1=q2 = 0 we see that there always exists a single solution for whih the vortex pair
remains at rest. This is analogous to the ase of the single vortex. However, this time the
stationary solution appears for a value r < 1 for the radii of the vorties. We will all this
radius the vortex-vortex stationarity radius and denote it with R++
S
(or R−−
S
, depending
on the sign of the winding numbers). We have thus shown that for a vortex-vortex pair
in an annulus there always exists innitely many orotating solutions and also a stationary
solution. The stationary solution minimizes the energy of the vortex pair.
A solution satisfying the dierent ondition θ˙1 + θ˙2 = 0 is alled ounterrotating as the
angular veloities of the vorties have opposite sign in this ase. Suh solution an appear
when the vorties are on dierent sides of the stationarity radius; the stationarity radius
8
orresponds to a solution whih is both orotating and ounterrotating. The ounterrotating
solutions are not as easily desribed analytially as the orotating solutions, but they are
easily studied numerially.
As in the ase of a single vortex, a vortex-vortex pair annot exist in the annulus without
the preense of angular momentum. The free energy is easily alulated sine Lz is linear
with respet to the veloity elds and thus additive. Again, it sues to note that the
most favourable solutions are orotating solutions where both vorties are displaed (at
least approximately) by the same amount from the stationarity irle towards the outer
radius given the symmetry of the system and the omplex nature of the vortex trajetories
in solutions where r1 and r2 dier by a larger amount (we will not study the onept of
large in this ontext here). This is in aordane with the results of [20℄ for the stable
vortex ongurations in an annular BEC.
B. A vortex-antivortex pair in an annulus
Beause of the hange of sign in the interation part of the Hamiltonian, the onditions
θ1 − θ2 = pi and r1 = r2 desribe a ounterrotating solution. Conversely, the solutions
desribing orotating behaviour are not easily expressed analytially but are easily studied
numerially. Searhing for a stationary solution leads us to study the equation
1− 4
∞∑
n=1
η2n−1
1− η4n−2
1− r8n−4
r4n−2
= 0. (19)
This equation always has a solution r < 1 and thus there always exists a stationary vortex-
antivortex -solution, this solution being again the solution whih is both orotating and
ounterrotating and orrespomding to a loal minimum of the vortex-antivortex energy. We
will all this value of r the vortex-antivortex stationarity radius and denote it with R+−
S
.
It may be noted that for the ase of the vortex-antivortex pair, there need not be any
angular momentum in the system. In this ase the free energy is just the energy of the
vortex pair. One way to produe a vortex-antivortex pair onned in an annular region is
to produe a soliton of topologial harge 0 in a BEC onned in a mexian hat-potential.
This soliton an then deay, typially produing a vortex-antivortex pair on opposite sides
of the annulus. Of ourse, suh a soliton will arry with it some angular momentum. The
situation still remains dierent from the ase of one or two vorties of winding numbers of
9
the same sign. The qualitative properties of the orotating and ounterrotating solutions
suggest that they both an be at least metastable energetially. A onrmation for this fat
an be obtained through diret numerial simulations of a ring-shaped BEC starting from
the Gross-Pitayevskii equation.
C. Numerial simulations
The equations of motion desribing vortex pairs in the annulus an easily be solved
numerially using a standard adaptive stepsize Runge-Kutta method. We will hoose the
value of η to be 1/3, sine then the annulus is similar to that used in [13℄ (saled by a fator
of ≈ 1.1547), where the inner radius was hosen to be 0.5m and the outer radius 1.5m.
We notie that very important quantities, as expeted, are the two-vortex stationarity radii
R++
S
< 1 and R+−
S
< 1, whih in our ase have the numerial values R++
S
≈ 0.74911 and
R+−
S
≈ 0.888928.
Figures 2 (a-e) are the same ases as in [13℄ in the gures 1-5, respetively. Figures 2
(e-f) show how sensitive the solutions are to initial onditions. In gures 3 and 4 we see the
eet of the stationarity radii for the two-vortex solutions. The dashed irle in these gures
is the irle r = R++
S
for a vortex-vortex pair and the irle r = R+−
S
for a vortex-antivortex
pair.
D. A brief heuristi disussion
The fat that we have been able to nd analyti and numerial solutions with similar
properties for both kinds of vortex pairs is easily explained by the geometry of the annulus.
The annulus is not simply onneted and the annulus has two boundaries. The rst property
has a profound onsequene most simply illustrated by the vortex-vortex pair. We may
think that the interation between vorties is transmitted by the ows of the original system
(BEC, superuid or something else), or more simply that the interation is transmitted
only where the system exists (ρ 6= 0), in this ase the annulus. Thus we may think that
vortex 1 interats with vortex 2 through two dierent routes, striking at vortex 2 from
both diretions θ → θ2− and θ → θ2+. With this thought in mind it is not surprising that
vorties on exatly opposite sides of the origin orotate or stay still, the interations from
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θ− and θ+ essentially anel eah other and all that is left is a self-indued veloity for the
vortex pair.
The two boundaries of the annulus have the following onsequene: The harmoni part
of the Green's funtion must satisfy the symboli relation G˜(x1,x1) = G˜(x1) =∞ on both
boundaries. This and the niteness of G˜ inside the annulus diretly implies that G˜(x1)
must have a minimum value that orresponds to a stationary vortex solution. Beause of
the radial symmetry of the annulus this solution is innitely degenerate and, as seen before,
orresponds to a single irle osentri to the irles bounding the annulus. The existene of
this irle leads to the fat that the sign of the angular veloity of a vortex around the origin
depends on whether it is inside or outside the stationarity irle. Adding more vorties to
the system does not hange the fat that the single vortex energies beome innite at the
boundaries and that this leads to the existene of a stationarity radii. Thus vortex-vortex
-pairs and vortex-antivortex -pairs an display similar behaviour.
V. CONCLUSIONS
We have shown that taking into aount the boundary onditions of the doubly onneted
annulus leads to the existene of stationarity radii whih greatly aet vortex motion in the
annulus. This leads to the existene of orotating and ounterrotating as well as stationary
solutions for both vortex-vortex and vortex-antivortex pairs.
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